Abstract: This paper presents a probabilistic design of a power system stabilizer (PSS) for doubly-fed induction generator (DFIG) converter and investigates its potential capability in mitigating the sub-synchronous control interaction (SSCI) under multi-operating points of. The aim is to improve the probabilistic sub-synchronous stability of the system with wind farm penetration. In this paper, Participation Factors (PFs) are obtained to identify the SSCI strong-related state variables and major control loops, which are used for the preliminary siting of the DFIG-PSS. Probabilistic sensitivity indices (PSIs) are then employed for accurate positioning of the PSS, selecting the input control signal and optimizing the PSS parameters. The effectiveness of the proposed approach is verified on a modified two-area power system. Keyword: Doubly-fed induction generator (DFIG), sub-synchronous control interaction (SSCI), multi-operating points, probabilistic sensitivity index (PSI), power system stabilizer (PSS).
Introduction
As an effective means of power production, wind power has rapidly expanded under environmental pressures in recent years. Since places with abundant wind resources are generally remote from load centers, series compensated line provides an effective and economic solution for improving power transfer capability.
However, sub-synchronous control interaction (SSCI), a newly experienced oscillation phenomenon, has been introduced by wind farm interconnected with the series compensated electrical network [1] [2] . With the increasing employment of DFIG wind turbines, the SSCI issues will put tremendous challenges to the reliable operation of wind farms. Therefore, SSCI analysis and its mitigation have been and will continue to be interested topics in the power system dynamic field which have gained significant attention in recent years.
At present, a great deal of efforts have been devoted to the SSCI. In [3] and [4] based on small-signal eigenvalue analysis, several selected scenarios with fixed wind speed in the range of 7m/s to 12m/s are taken into account to analyze the impact of wind turbine output on the oscillation modes. Their work verifies that the variations of the wind farm output, i.e. system operating conditions, are able to exert an impact on the sub-synchronous modes. In [5] , frequency scan method is combined with small signal eigenvalue analysis to analyze the impact of the converter PI parameters on sub-synchronous modes. However, no effective measures are proposed in [3] - [5] to mitigate the SSCI.
Various countermeasures in SSI mitigation are reported in [6] - [18] which can be summarized into two categories: one is employing Flexible AC Transmission Systems (FACTS), such as static var compensator (SVC) and static synchronous compensator (STATCOM), whose capability have been explored in [7] - [8] . The other one is based on the modification of wind turbine control system, including adjusting converter parameters [9] or installing a supplementary damping controller [14] . The latter solution is more suitable from an economic point of view for avoiding considerable installation costs.
References [6] and [10] - [13] have demonstrated that modification of wind turbine control system is an effective and economic way to mitigate SSCI. The practice of adding a damping controller integrated to the rotor-side converter (RSC) is discussed in [11] . Reference [12] attempts to choose the optimum location through comparing different deterministic scenarios so that damping controller is installed at all possible points within the RSC and GSC controllers. However, in [6] , the mitigation focus is shifted to GSC because RSC is not suitable for exploring SSR mitigation according to [15] [20] . It is well known that the grid-side converter (GSC) of DFIG has a similar topological structure to STATCOM and it is expected to be able to provide better sufficient damping capability through installing a supplementary damping controller to the converter [6] [10] .
All the damping controllers mentioned in [6] , [10] - [13] are designed at the pertinence of a certain condition so that there is a potential possibility that the damping controllers may fail to be applicable for other operating points. It is worth noting here that the varying of the system operating conditions is expected to exert an influence on the analysis and mitigation of the SSCI Error! Reference source not found. [4] . The ability of power converter of DFIG when random factors are taken into account has scarcely been investigated up to now. What's more, for damping controller's location, its input control signal and parameter setting, the existing practices are generally time-consuming and lack of a definite quantity index. In [16] , three types of RSC with different input signals are compared with respect to the SSCI performance, based on impedance methods. And the best of three turns out to be the final choice of input signals. In [6] , different locations and input signals are compared using the residue-based analysis and root locus diagrams to determine the best selection. Apparently, this is time-consuming even under a single operating condition and lacks a definite quantity index. Once multi-operating points are taken into consideration, the computing will become tremendously cumbersome. Moreover, very few studies have been done in terms of the optimization of damping controller parameters up to now.
The major contributions or innovations of this paper are summarized as follows. Taking into account the stochastic fluctuation of the wind farm output, the synchronous generators output and load, SSCI issues are investigated by probabilistic approach. That is to say, the influence of multioperating points of a power system on SSCI is involved in this paper [4] . The damping controller in this paper, i.e., the PSS supplemented to the DFIG converter (DFIG-PSS) is designed in probabilistic environment to achieve the purpose of suppressing SSCI at different operating points of the system. What is different from the existing methods is that quantitative indices are used as a reference in this paper to make the design process more efficient in a directed effort [6] [16] . Probabilistic sensitivity index (PSI) is utilized to select the site and the input control signal as well as to optimize PSS parameters for better probabilistic subsynchronous stability.
The organization of this paper is as follows. In section 2, different SSI types that may occur in wind farms are briefly described, SSCI mechanism related to the DFIG converter is explained in detail. The probabilistic eigenvalue and its probability distribution function expression and PSIs of the eigenvalues are formulated in Section 3. The whole process of SSCI mode identification and its mitigation with DFIG-PSS is presented in Section 4 and 5. The SSCI mode is identified and analyzed based on a modified five-machine two-area power system in Section 4. In Section 5, a DFIG-PSS is designed and validated under multi-operating points in five steps: a) selecting the optimum placement, b) choosing the optimal input signal, c) determining the parameter settings, and d) optimizing the parameters for probabilistic sub-synchronous stability enhancement, e) comparing the proposed probabilistic controller and a controller designed with the general small signal method. Finally, conclusions are drawn in Section 6.
Sub-Synchronous control interaction

SSI with Wind Farm integrated
SSI is a generally umbrella term that defines energy exchanges between two power system elements at one or more natural frequencies below the power frequency, which can be divided into three categories shown in Fig.1 according to the different elements of the wind turbines involved [17] , namely, Sub-Synchronous Torsional Interaction (SSTI), Sub-Synchronous Resonance (SSR), and SSCI. SSR is a resonant phenomenon related to energy exchanges which result from an interaction between the mechanical system of a turbine generator and an electrical resonance transmission system formed by series capacitor and effective impedance [17] [18] . SSTI is a condition where an interaction occurs between the wind turbine drive-train and the power electronic controller which would be found in the HVDC transmission system, FACTS devices and mechanical mass system of a generator [19] . Low shaft stiffness of wind turbine drive-train leads to a low torsional natural frequency in the range of 1-3 Hz [6] , but SSTI rarely occurs because it requires a very high level of series compensation to excite [20] .
Sub-Synchronous control interaction with DFIG
SSCI takes place as a result of an interaction between the series-compensated electrical network and power electronic devices [1] , such as the DFIG-based wind turbine controllers.
The block diagram of DFIG converter controllers and cascaded control loops are shown in Fig.2 The principle of DFIG-based wind turbine controllers participating in SSCI is depicted as follows.
As shown in Fig.2 (3) and (4) respectively. Rotating magnetic field formed by subsynchronous current components of stator side cuts the rotor windings，sub-synchronous currents at a frequency r-n will be induced in the rotor windings, which makes further impact on the RSC control system. In Eqs. (1) to (4), RSC and GSC contain seven sets of proportional and integral coefficients Kp and Ki, x1~x7 are defined as the state variables in the converters, which represent the outputs of the integrator.
The mutual excitation between DFIG converters and series compensation circuits produces the SSCI, as shown in Fig.3 . Impacts on the RSC came from two sides are able to jointly react on the rotor windings. After Park transformation, the sub-synchronous voltage components of d axis and q axis dr sub v   and qr sub v   are then imposed on the rotor windings, as a result, new rotor current components will be exerted and further induced to the stator side, which help to increase the positive feedback of the initial disturbance currents under sub-synchronous frequency.
Fig. 3. Schematic diagram of the SSCI.
Probabilistic method for SSCI
Noting that SSCI is not related to the intrinsic frequency of the drive-train [19] , yet it depends not only on the controller parameters of the DFIG converters but also on the system operating points [17] .
In order to analyze and mitigate the SSCI under mutioperating points. A probabilistic method is utilized to deal with the changes of nodal power injections caused by various kinds of random factors such as loads, output of wind farm and synchronous generators. Based on authors' former work [22] - [24] , the probabilistic methods are applied to load flow and eigenvalue calculation.
The objective of this section is to determine the probability distribution of system eigenvalues and the probabilistic sensitivities of eigenvalues on DFIG converter parameters, which would be used for identifying SSCI modes and designing the damping controller.
Probabilistic eigenvalue expression and its distribution
A pair of particular complex eigenvalues k=kjk in the system represents an oscillation mode, the real part k is the damping constant, and the imaginary part k indicates the oscillation frequency, which can be applied for identifying the SSCI modes.
An eigenvalue k of the state matrix A of the linearized power system's dynamic equations can be expressed as the nonlinear function Z of the nodal voltage vector V.
where nodal voltages are defined in rectangular coordinates.
In an N-node system, V contains 2N components as
when real and imaginary parts are described separately.
Eq. (5) can be expanded using the approximate Taylor series at the vicinity of the expected value of voltage with up to third-order and higher order terms are neglected, 
The excepted value of the eigenvalue is, 2 22 , 11
where
voltages, the expectation operator is denoted by (.) .
The covariance between the eigenvalue can be obtained by , 
Standard deviation of the real part
The damping ratio k  can be calculated by Eq. (10). 
Standard deviation of k  is derived by using Eqs. (11) and (12). 
A hybrid algorithm combining central moments and cumulants with Gram-Charlier series expansion is applied to obtain the probability density function (PDF) as expressed in Eq. (14) [25] . The probability of damping constant less than 0 and the probability of damping ratio more than 0.1 can be obtained by integral of PDF according to Eq. (15), which are treated as two performance indices for the assessment of probabilistic characteristics of the power system. 
  
where f (μk )is PDF of the μk, N(x) is PDF for the standard normal distribution, γj (μk) (j = 3, 4, 5) is a j-order cumulant, k  is the standard deviation of the μk, and x is the variable standardized by Eq. (16). (16) when μk equals αk and ξk respectively, the probability of damping constant and damping ratio can be obtained by Eq. (15). [24] , which can be used to design the DFIG-PSS under multi-operating conditions. PSI indicates the impact of converter parameter on the eigenvalue when К is chosen as PI parameter of the converter, giving guidance to the selection of site and input signal of the PSS. When К is the PSS parameters, PSI can provide effective information for the adjustment and optimization of the parameter for improving the probabilistic stability of the system [26] [27] .
Probabilistic sensitivity indices
5 The effect of a parameter К on both ' k  and ' k  are defined as probabilistic sensitivity indices (PSIs)' ' 4 k k k k S                  (17a) ' ' 4 k k k k S                  (17b)
The whole process of SSCI analysis and mitigation
By applying the proposed probabilistic method, the whole process of SSCI identification and mitigation is illustrated as follows. 
SSCI identification and analysis using probabilistic method
Test system
The five-machine two-area test system in Fig.5(a) is modified from a typical two-area system integrated with a DFIG-based wind farm [28] . The collective behavior of a group of wind turbines in the wind farm is represented by an equivalent lumped wind turbine G5, which represents the aggregation of 80 DFIGs, each one has a power rating of 1.5MW [6] . G5 is connected to the power system via the equivalent outlet transformers and 55% series compensated transmission lines. The parameters of DFIG and controllers are given in the Appendix.
All synchronous generators are represented by a 6-order model [28] . The standardized daily operating curves of G1~G5 and load1, load2 are given in [23] . Fig.5(b) shows the standardized daily operating curves, which are used to produce 480 sets of operating points.
Probabilistic analysis of the SSCI with the DFIG-Based Wind Farm connected
Plug-in Modeling Technique (PMT) [23] [24] is adopted to form the state matrix A of the whole system. Probabilistic characteristics of eigenvalues are obtained by utilizing the probabilistic eigenvalue method proposed in Section 3. The original system without wind farm integrated has a total of 27 eigenvalues, which are all located in the left side of the complex plane. Table 1 gives the probability statistics of new oscillation modes which are induced by the integration of wind farm. According to the computational formula f=ω/(2π), the imaginary parts give the oscillation frequency of the modes. The oscillation frequency of mode 1 is 16.89 HZ, which belongs to the frequency range of sub-synchronous oscillation. It can be observed from Table 1 that the expectation of damping ratio is 0.141, and the subsynchronous mode is poorly damped. The probability of damping constant less than 0 (P{  <0}) and the probability of damping ratio more than 0.1 (P{  >0.1}) are 47.11% and 45.62% respectively. There is a lack of assurance of adequate stability.
Identification of the SSCI mode
Participation factor (PF) can be computed as shown in Eq. (18) . It is utilized to denote the relative participation degree of the lth state variable on the kth mode. Table 2 , where the dominant PFs are printed in bold. Results show that subsynchronous mode is closely relevant to the DFIG other than the four synchronous generators. 
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It can be observed that the participation of rotating speed deviation of wind wheel Δωt and torsional angle deviation Δθt are relatively low, and are almost close to zero, which verifies that state variables associated with the wind turbine drive-train do not participate. Since the state variables of voltage deviation across the dc-link Δvdc and 7
x  in the current control loop of GSC in Fig.2 have the largest PF, mode 1 is strongly relevant to the converter, and so it is identified as the SSCI mode. PF can be used as a preliminary location index to narrow down the range of adding DFIG-PSS. The focus is on GSC of the wind turbine, rather than RSC.
PSI of the SSCI mode
PSIs have been calculated in Table 3 to represent the sensitivity degree of PI parameters or state variables on the SSCI mode, and indicate how much substantial influence of the parameters or state variables on the SSCI mode and to lay the foundation for designing the DFIG-PSS. 
SSCI mitigation by optimizing the PI parameters of the converter control system can avoid sub-synchronous instability. However, the mitigation effect depends on the specific tuned controller from the manufacturers. In addition this method may deteriorate the DFIG control bandwidth and make it more difficult to fulfill the fault-ride-through requirements [17] . It is important to consider both the original control performances and the effect of the SSCI damping. Consequently, an additional DFIG-PSS is an efficient approach to provide sufficient damping for mitigating SSCI.
Probabilistic method based DFIG-PSS design
Compared with mechanical oscillations, those SSCI oscillations that belong to purely electrical interactions build up quickly. And the system will suffer instability in the absence of any effective controls. DFIG-PSS can be utilized to offer sufficient additional damping for the SSCI. DFIG-PSS selection is considered in the aspects of optimal location, proper input signal and optimum parameters by the probabilistic indices obtained in section 4.
Selection of DFIG-PSS location
The main objective of this section is to utilize PFs and PSIs obtained in Table 2  in the GSC current loop is large, and hence DFIG-PSS supplemented in this loop has the optimal control performances when compared to other places. The output of the DFIG-PSS is injected to the summing junction before the PI regulator of the inner control loop, and as such the potential of DFIG converter is used for SSCI mitigation. The model is shown in Fig.6(a) .
Fig. 6. (a) GSC controller with DFIG-PSS injected. (b)
Module of DFIG-PSS.
Input control signal selection of the DFIG-PSS
In this section, four electrical quantities associated with the oscillations are employed respectively as the input control signal including active power deviation ΔPs, line current deviation ΔIl, rotor angular speed deviation Δω, and dc-link voltage deviation Δvdc [18] [29] . PSIs corresponding to the above feedback signals are listed in Table 4 . As evident from Table 4 , Δvdc has the highest value of PSI as compared to other three signals and is selected as the most applicable stabilizing signal of the DFIG-PSS. 
DFIG-PSS initial parameter settings
The structure of the DFIG-PSS is shown in Fig.6(b) , which is made up of a gain block, a signal washout block and a phase compensation block, s denotes the differential operator.
DFIG-PSS parameters cover the gain KPSS, the washout time constant Tw, and the lead/lag time constants T1/T2. Initial parameters settings are of paramount importance. The DFIG-PSS may not produce the expected performance if the values are inappropriate. PSS's gain is determined by PSI of residue index (RI) [24] . For the washout, Tw is equivalent to 10s so as to allow oscillatory signals in the input to pass through without changing [30] . The initial time settings are estimated by phase compensation principle [27] . With the initial parameters listed in (19) , homologous probabilistic characteristics are shown in Table 5 .
KPSS=10.4, Tw=10s, T1=0.360s, T2=0.100s
(19) 
Parameters optimization of the DFIG-PSS
The suppression effect of the DFIG-PSS can be improved through trial adjusting of the gain and lead/lag time 8 constants repeatedly. The optimization procedure discussed in this section can reduce the computational effort.
The relation between the concerned eigenvalues and adjustable parameters of the PSS is represented.
where real vector D collects all the damping constants, and parameter vector P consists of KPSS, T1 and T2. J is a probabilistic sensitivity matrix formed from associated PSIs computed by (17) , providing a guidance for the elements of P that endeavor to improve the damping. Parameters are adjusted repeatedly starting with the initial values listed in (19) to improve the corresponding eigenvalues in D by (20) , until all the damping constants satisfy the requirements in (13) .
The final parameters settings are:
KPSS=12.5, Tw=10s, T1=0.217s, T2=0.106s (21) The corresponding probability statistics of oscillation modes with optimized PSS are obtained and are shown in Table 6 . Compared with Table I without DFIG-PSS, the system probabilistic stability is much improved. From the results it is clear that the expectation of damping ratio of the SSCI mode is significantly improved, and the probability of it more than 0.1 achieves a large increase. The stability probability of real part less than zero reaches 100%. Low frequency oscillation modes are insensitive to the supplementary DFIG-PSS. The variation tendency of the SSCI mode with and without the DFIG-PSS is described in Fig.7 . It is observed that the expectation of the real parts of SSCI mode with proposed DFIG-PSS move further away from the imaginary axis to the left which demonstrated the enhancement of the probabilistic sub-synchronous stability of the SSCI mode. 
Real parts (b) Damping ratio
Probability density function can be drawn by using Eq. (14) , and Fig.8(a) depicts the PDF of the real parts of the SSCI mode with and without the DFIG-PSS, and the PDF curve becomes scattered with the wind farm. The real parts of the SSCI mode without PSS have more than half of the probability in the right hand side, where the mode is unstable. When well designed DFIG-PSS is implemented, the PDF curve moves to the left and the probability becomes more concentrated, probabilistic stability of SSCI mode is prominently enhanced. without DFIG-PSS with DFIG-PSS damping ratio probability density Fig.8(b) describes the PDF of the damping ratio of the SSCI mode with and without the DFIG-PSS, nearly the half probability of the damping ratio for the system with wind farm without DFIG-PSS has a negative value, which is indicative of positive real parts of the eigenvalues that would lead to system instability. The probability of damping ratio with DFIG-PSS concentrates upon the range from 0 to 1. The superior performance of the proposed DFIG-PSS and the SSCI suppression effect are verified.
Comparison with small signal method
The biggest difference between the mitigation method proposed in this paper and current methods lies in the fact that muti-operating points of the system are taken into account. The damping controller is designed based on the probabilistic method so as to satisfy the mitigation requirements under multi-operating conditions of the system.
To validate the proposed method, a comparison is made between the proposed probabilistic damping controller and the controller designed with the general small signal method. For the convenience of comparison, the proposed probabilistic sub-synchronous damping controller (i.e., the DFIG-PSS) is named as PSSDC and the damping controller designed with the general small signal method is named as GSSDC. In the general small signal method, residue-based analysis and root locus diagrams are applied for designing the GSSDC, of which the detailed model is presented in [6] . GSSDC is designed based on the operating point A listed in Table 7 , while PSSDC is based on multi-operating points including the point A and B of Table 7 .
The system is tested with PSSDC and GSSDC installed, separately. A 55% series compensation is put into operation at 0.1s in both cases. SSCI performance is observed through the curve of DFIG electromagnetic power. The time domain simulation under the two different operating conditions, i.e., the operating point A and B, is presented as follows. Fig.9(a) presents the curve of DFIG electromagnetic power at the operating point A. Taking the original state without sub-synchronous damping controller (SSDC) as a reference, the performance of PSSDC is compared with that of GSSDC on the oscillation amplitude and the speed of attenuation. It can be seen that a 17Hz sub-synchronous oscillation occurs when no SSDC is installed into the system. At the operating point A, as Fig.9(a) shows, both PSSDC and GSSDC have played an active role in suppression of SSCI. Although GSSDC has a better performance than PSSDC, there exists no great difference. Fig.9(b) presents the simulation results at point B. It can be seen that when it comes to the operating point B, GSSDC shows a poor performance while PSSDC still works well. GSSDC exhibits a larger oscillation amplitude and slower convergence. This means that the GSSDC designed with the general small signal method at point A is not applicable to point B, and the PSSDC based on multi-operating points is effective in mitigating oscillations in both cases. The above simulation results indicate that operating conditions have a great influence on system oscillation characteristics and the damping controller designed in view of a single operating point has its own limitations unavoidably.
Based on the comparison between PSSDC designed with the proposed probabilistic method and GSSDC designed with the general small signal method, the effectiveness of PSSDC in mitigating SSCI at multi-operating points has been verified. The design procedure which combines the participation factor analysis and probability sensitivity indices is able to produce a versatile damping controller.
Conclusions
Probabilistic method based on numerical analysis is used to design a damping controller added to the DFIG converter to facilitate SSCI mitigation over a large and pre-specified set of operating points. A wide range of operating conditions have been considered including the random fluctuations of the load, the synchronous output and the wind farm output. The simulation results based on a modified two-area system have shown that the SSCI issues may occur while DFIGbased wind farm are connected to the power system through series compensation line. The sub-synchronous modes are identified and analyzed through modal analysis method. Two quantitative indices, (i.e., the participation factor and the probabilistic sensitivity index) have been investigated for designing the DFIG-PSS in the aspects of input signal, location and optimized parameters. To validate the proposed method, a comparison is made between the proposed probabilistic controller and the controller designed with the general small signal method. Probabilistic small signal subsynchronous stability of the system has been much improved with the proposed DFIG-PSS without destabilizing other system oscillation modes.
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Appendix
In the test system, G5 is a doubly-fed wind turbine generator. The block diagram of the DFIG converter controllers and cascaded control loops adopted in this paper are shown in Fig.2 . The detailed parameters of G5 and the controllers are given in Table 8 . Where P r and V r are the rated power and the rated voltage of DFIG, respectively; the subscripts 's' and 'r' denote stator and rotor, respectively; L m is the mutual inductance of stator and rotor; X t g is the transformer reactance connecting the converters and the grid; H t and H g are half of the inertial time constant of the wind turbine and the generator, respectively; K is the shaft stiffness; K p and K i refer to the parameters of the PI links of converters.
